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The problem considered is that of torsion of a circular prismatic rod
with symmetrically-located grooves or teeth in the shape of an annular
sector, and with a central circular cavity (Fig. 1).

The exact solution of this problem is obtained by a method proposed
in {1] ana{21].

FIG. 1.

The determination of the integration constants leads to the solution
of infinite systems of linear equations.

It is shown that the systems obtained are completely regular, that
they bave an upper limit and that the free terms reduce to zero (for
k > o),

Stiffnesses and stresses are calculated for two special cases: for six
teeth and for one notch.

Approximate solutions for similar complicated rods in torsion have
been obtained by Stanesku and Dumitrescu [3 ] and by Manea [4 ].
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1. For the solution of the given problem a stress function U(r, ¢) is
sought which satisfies the equation
o 1 U 1 &
ottt dg? =—2 (4.1)
in the rod section, which reduces to zero on the outside contour, and
which takes on a constant value U, on the inside contour.

Because of symmetry it is necessary to consider only that part which
subtends an angle #n/n, where n is the number of notches or teeth (Fig.2).
In order that the solution obtained for
A the 2nth part shall be valid for the
whole section, it is required that the
90 normal derivative of the function
//\é U(r, ¢) be zero on the lines AB and
-3 CD. For determination of the function
e— r, ___lD U it is convenient to use the variable

FIG. 2. t=In-— (1.2)

We seek the function U(r, ¢) in the form

Ulr(t), ¢l =® (1, ¢) — L rpe (1.3)
where the function ®(t, ¢) satisfies the equation
30
e (1.4

We assume that the function ®(¢#, ¢) in the part of the region under
consideration (Fig. 2) takes on the values

® (t, ¢) 1in region I
(e, @) = ®,(¢t, ¢) in region II
®,(¢t, ¢) 1in region III

By making use of expressions (1.3), (1.5) and the boundary conditions
on U, we obtain the following conditions

2 oD
D, (0, ¢)— T = O (—t, @) — Q= (F2) _, =0
ALY
Dy (— 13, §) — @y = (52 wz)w =0 (1.6)
o,
Dy (1, 9) ——5 = D32, = (“558'%:“_% =0
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D, (, 0) = Do (2, 0), I%‘%—L—o = (aé(gz ):rzn
(1.7)
0, =D, 00, 9 () = ().,

for ®;(¢, ¢) with i = 1, 2, 3, where a is a constant characterizing the
groove or tooth width, and where

k14 kg T
cpl—:—‘;;{, :sz?——-;&- (18)'
2. Upon solving equation (1.4) by the method of separation of vari-

ables, we obtain for the functions ®.(t, ¢) the expressions

r s r®
t‘xln—r—:—, tlen“;;*, (I)O:U°+~Z~,

D, (t, 5) = 2 (A Vuishayt + By Peosh ) sin e

(2.1)
k=1

-+ Z (Cku’si:ﬁx@kq} - Dk(”c"‘}‘?’k@) sin @kt O<oe<e, — L <t <)
k=1

o
(Dg (f, :P) == 2 (Akm)sinh}\;ft + B;‘(?Acosh)\kt) sin }\kgp 4

2.2y
k=g
o0
-+ 2, (Ck(g)si'ﬂlpkcp + kaco-hpkcp) sinBit  (—9 <o <0, —1, <t<0)
k=1
(=]

k=1

@ (¢, §) = 2 (Aoimbdyt -+ B P eontdyt) sin Nyp +- (2.3)

o
+ D (C @ sinhyyp + Dy eosbryyep) sin
k=3

e <e<0, 0<i<y
re @k —1) k 2k —1)
e EEUT — = U _ k=
g 2?1 y @k - I Y lft = 2(?2 I 'tl{ == 72“' (2./1)

By satisfying the conditions (1.6) and (1.7) we obtain for the inte-
gration constants

W 2 1 N __
Ak = ) cot OCI.-Z; a sh aktl y Dk = ])/c
A9 = BPewiyy— 22 L 00 Oy,
k k T Wl WAL vk = Ay PrP2
1
A = B Peonigp, — L L ®_ p® "
k S il Apa shat, ’ By = By (2.9)
2 27 s
B =, D o 2Tk
£22)

= RSy [1 - (— 1)rt1et]
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( ) ra®rL
CP = — D tanh B0, C — m [+ (— 1) feamhyp0,

and for determination of the constants Bk”) and Dk(‘“ we obtain a com-
bination of two infinite systems of linear equations.

Upon applying the change in variables
(2)

)‘k?sz = Yym — ry, pktka(z) = X —ry? — 20, (— 1)1‘.“ (2-6)

where m is a constant number to be determined later, the combination is
obtained in the form

oo o0
Xk = 2 akap, Yk == 2 ka;Xp '“'l" Qk (k = 11 20 ey m) (2.7)

p==1 Pl
where
2mB,
Tkp = g, auiByp1 FremnBy91) (Ap? - Bp)
ber — 2hy (2.8)
kP 7 Tty (eothhty + ooth Ato)(BE -+ A
2K, st M —4 no,
Q=—5 (T — &) (ooth Koty + mxktg)h +“2’)Z;‘§'i1‘(7;?""1) +
2 gt
+ (onen hty ~h )] (2.9)

3. We show that the systems (2.7) are completely regular [5]. The
following inequalities hold for sums of the moduli of the coefficients

in the systems (2.7):

0 ZInﬁk o« 1
2 o] = P2 kenbB, 0y +eemkB,90) 2 lp’+ﬁk’\<*m
=1 P=1 3.1)
S by | = 2 S A <A
p__:li kp | = o (oth Ky - oot Rgla) 2B
(3.2)

For this, the values

[=4]
o 1
i tl 3 [— i.,_) ....t_l_. e 2—” Qéek
2 -B_;;;T);‘i == Tz—}‘;—(w }‘ktl }\ktl' \<:\: 2}\]{ * pél Ap2+ 3"2 ZB* ?’1?3
p=1

have been used. The constant number m is selected from the inequalities
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1 2
m=-o, or m=K-_ (3.3)

Then, in accordance with (3.1), we shall have

S lawl <YL, S bl <HE
p=1 p=1

Thus, the systems (2.7) are shown to be completely regular.

It is easy to see from (2.9) that the free terms in the systems (2.7)
have an upper limit and that they approach zero for k » «.

4. By substitution of the values of the coefflcmnts from (2.5) into
(2.1)-(2.3) and after replacing the coefficients B ) and D, (2) py X,
and Y;, in accordance with (2.6), we obtain after certam transform-
ations the following expressions for the functions ®,(t, ¢)

oo
3 — 2(1) X comB, (91— ¢)
4] t, — 1"3_ ra? ra — <%, k k in
1 @)=+ T z_}l Ben, g Pl (4.1)
(0 <o —u<t0)
2 - X
@, (t, @) = Lj_ + ro? Z(Dot + k;‘:f.l;ﬁ(?:'}' %) in 8¢ 4-
k—‘l k k P2 (4 2)
m oo Yknnh)\k (ti+ t) ax (— PO ) .
Pa — unh)\ 0 A \—aseo
[oe]
_rot rg? — ry? m Yysinhh, (1 —12)
Dy(t, 9) = -5 + 2, L+ ,T{le T Kewihg, SR M — (4.3)
_éﬁﬁ L+ (= )kt e comhyy (92 4 9) sin y,¢ (_?’<¢<0
12 Y (T2 +4) cosh 7, Qg Tk 0 lx)

k=1

5. For determination of the constant ®,, the theorem of Bredt for the
circulation of shear stress in torsion

g T.ds = 2GQ, (5.1)
T,
is employed, where Fo is the inside contour of the section, Q,= 1rr12 is
the area bounded by I'), G is the shear modulus, r the angle of twist per
unit length, T, the prOJectlon of shear stress at any point of the con-
tour [y in the tangential direction of the contour

—t
Gre (—69 — r22e2‘> for t=—1 (9.2)

rg

Substituting (5.2) into (5.1) gives

o 0 Py
o= e fem e o

—®2 —P2 [}
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By substitution of the values of the functions @, and ®, from (4.1)
and (4.2) into these relations and then performing the 1ntegrat.10ns, we
obtain the following formula:

oo
Y
2m -
(1+ @) (" —200) — =25 2% 3% =0 (5.4)
after a certain transformation to determine the constant (I)o.

The unknown coefficients YP appearing in (5.4) are determined from
the completely regular infinite systems of linear equations (2.7) and
are expressed in terms of the constant @,.

Substitution of the values of the unknown Yp’s obtained from (2.7)
into (5.4) and solving for ®, yields its value.

6. The torsional stiffness of a doubly-connected profile is determined
from the formula (6.1)

¢ =26 [_ U, Q + UsQ, + SS UdQJ = 2@[—- Uy Q" + U, Q, + 2n “ UdQJ
o e

where Uy* is the value of the stress function on the outside contour, U,
the value on the inside contour; {1 and 0, are the areas bounded by the
outside and inside contours, respectively; { is the region of the rod
section; and Q* is that part of the region included in the angle #/n.

By substitution of (1.3) into (6.1) and by using expressions (1.5)
and (4.1)-(4.3), we obtain after integration the following formula:

c—mza{ (rs ——rl)+~[§;(2(D0—-r22)(r22mr12)+

7‘22)2

-+ == n% (rgt—r1s%)

o, m o Yk e 2h 2
-+ 2nry [:{g 2 GG—h <°°“‘ Mty - eoth Myly — == Nty sinkA ) -

4?'2 Z tanh Y, Q2 [,1 +(— 1)k+1eztg]2 —

Tlx 4 -+ Ta 2)2
1 [+ Xk {1 (= ,1}k+1 e-—2t1] ) 9
= NCE Y (s -+ ) | €2

Upon passing to the limit t; » « (r; = 0), we obtain from (6.2) a
formula for the stiffness of a solid circular section with teeth:

2 ,.22)2 _\1_

C =26 {’1;1 IR (g
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m§ _ Y ey
- anza[ P2 1:2_11 A (A— NP <1 + et Nl """)‘ktz) 63
o'} (o]
4rg? tonh 7, 09 \ _1_ X (z)(tenhz; +tanh 2¢)
— 2 A 1 (e — ) TSR o

Here the unknown coefficients X(z) and Y, must be determined from the
systems obtained from (2.7) by passing to the limit ¢, » . By passing
to the limit t, » 0 (ry = r,), we get a formula for the stiffness of a
circular rod with a central circular cavity:

c =‘%7F'("24“7'14) (6.4)
For this case we employ the values
Xp=Y,=0, @=12 (6.5)

which are obtained from (2.7) and (5.4) by passing to the corresponding
limit t, = 0.

9. For numerical examples we consider the cases where the rod has six
external teeth together with a circular cavity (Fig. 1) with the values

rs rs 1
ke 1.964, ™ 1.2523, P=Pp="g T (1.1
and also where the rod has one external notch
together with a central cavity (Fig. 3) and with
the values

T2 gogs, B —1.2523, g1 =0.125 = 7°09'43"
Ty Tg

FI1G. 3. @g = 3.0166 = 172°50"47" (7.2}

Upon solving the infinite systems (2.7) for
these cases we obtain too large and too small values for the unknown
coefficients Xk and Y.

From Formulas (5.4) and (6.2) we obtain also the values of the con-
stant ®; and the stiffness C. These values are presented in Table 1.

In this same table are also included for comparison the stiffnesses
of a rod with sections in the shape of circular rings having ratios
b/a = rory = 1.964 and b/a = ryry = 2.4595; the first ring is obtained
from the toothed profile (Fig. lg by removal of the teeth (ry = r,),and
the second ring is obtained from the notched profile (Fig. 33 by filling
up the notch (r2 = rs).
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TABLE 1.
Six teeth (Fig. 1) One notch (Fig. 3)
?=1 ,964 too too 22,4505
b too ‘-.14 large mean {too --114 large mean i
2Q,/r?) 1.0 1.237 | 1.238 | 1.2375 | 1.5232 | 1.5252 | 1.5242 | 1.5683
C /Gry8| 1.4652 2.929 2.941 2.935 3.6208 | 3.6281 3.6245 3.7579

FIG.

4.

FIG. 5.

Stresses for these cases are calculated with the aid of expressions
(4.1)-(4.3) according to the formulas

— —t
e oD e o0
(L= 5o 66 Tt e)=——— (G2 —r %) Gr. (1.3)
TABLE 2.
1 {
= ©. o2 ‘(—21‘ o) |~ o0 | e |(2 —0r) [(——w)| (—tr —o
Too small 1.2271 | 0.8036 | 0.5446 | 0.6755 | 0.5632 | 0.6414 | 0.4741
Too large 1.2278 | 0.8043 | 0.5459 | 0.6757 | 0.5636 | 0.6423 | 0.4754
Mean 1.2274 | 0.8040 | 0.5452 | 0.6756 | 0.5634 | 0.6118 | 0.4748
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TABLE 3.
|
;:t, © ) (" tx"'z’) (“'fxo - %) (—i:, —%‘);(—ﬁ- —9g) | (t2 —2) (313 —_ %’)
Too small 3.3207 | 0.4705 | 0.4641 | 0.4586 | 0.4559 | 1.2265 | 1.0244
Too large 3.3526 | 0.4791 | 0.4726 | 0.4627 | 0.4612 | 1.2379 | 1.0309
Mean 3.3366 | 0.4748 | 0.4683 | 0.4606 | 0.4586 | 1.2322 1.0275

Values of the stressr_; at different points (¢, ¢) are presented in
Tables 2 and 3 for the cases with six teeth and with one notch. The
stress distributions are shown in Figs. 4 and 5.

8. The torsion of a circular prismatic rod having a central circular
cavity with symmetrical longitudinal grooves or teeth (Fig. 6) is con-
sidered. The exact solution of this problem may be obtained in the same
manner as in Sections 1-6.

FIG. 6.

For the solution we assume that the stress function U(r, ¢) on the in-
side contour of the section reduces to zero, and that on the outside con-
tour it takes on a constant value U *,

We seek a solution in the form of (1.3) on the assumption that the
function ®(¢, ¢) takes on the values (1.5); the regions I, II, and III
are shown in Fig. 7.

The functions ®,(t, ¢) (i = 1, 2, 3) satisfy Equation (1.4) in the
respective regions and also the following boundary conditions and con-
tinuity conditions:

2 E4 a®
@1 (“"’ tls 5?) —%‘ = q)l (t; 0) e raze = ( 6!?1 )Gz(ﬁ; =0
D)

a(ta, ) — O’ = (55), ,, = ©
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. l‘gz _ QCEE - .
@ (2, ¢) — B = O30, ) — 73— = (320) ___ =0 (8.1)
_ oDy [ 0D
0,0 =0:0,9, (H)_ = 5

Q0= ®e0,  (52) =5,

where

h=Inl, =l O =Uy+ 2¥ (8.2)

9. Upon solving Equation (1.4) for the functions ®,(¢, ¢) (i = 1,2,3)
by the method of separation of variables and upon satisfying conditions
(8.1), we obtain expressions for these functions

o0
Y, sinhat, (21 4 1)
R MR i, e

- sin o
P1 akthaktl kP +

k==]

_ k1 2t h —
LA RO B ) o g ca—nstS

L £1 P By (By? + 4) cosh 8, 0y (9 1)
ro 2(})0 — m Y sinhay, (13 — )
(D2 (5’ QO) = % K%W 2t - t + Z akamhctkt sin OL;‘QO +
1 Q Xyeomhy, (91— @)
A goomhYy (91 — .
- n oyt 9.2
+ 4 é.l i ST O<e<o 0w (92)
o2 2D,* — rof Xycoshyy (2 +9) |
Dy (t,9) = -+ 51+ Z bR
(—P2<® <0, 0< <) ©-3)
where =
2k — 1) n kn _ kn V2
A = g Br =7 Te =7 m=—~  (9.4)

The integration constants X, and Y, entering into (9.1)-(9.3) are de-
termined from the following combination of infinite systems of linear
equations:

Xe= D awYp, Yi= 2 bipXp+Qx (k=1,2,..) (9.5)

p==1 p=1
where

2my,
Bkp = by 1 ranhy,®2) (14% + L)
20,
bkp = miy {cothdy by - coth &y fe) (a, 2 + '}’pg)

(9.6)
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Zahrz
Qk =T m (Qh 4) ( cothakt1—§— coth ctktg)
CLk2_4 20, ) B e—2h ]
X [1 + Zakztg <1.—— 722 ; -—-‘-—a; Kwth aktl —daml) (9.7)

Systems (9.5) are completely regular, since the following inequalities
hold:

2 | = il N <m=Y2 (9.8)

P=1- Pulesnby, Py Famhygn) @ F 7

oQ [ee]

20, 1 1 VZ
E‘ lbkpl - mtg (coth ayl1 -+ eozhaktz) 2 ’]',p‘z + akz \gi_f; 2

The constant quantity @ * entering into expressions (9.1)-(9.3) is
determined from the Bredt’s theorem concerning the circulation of shear
stress in torsion.

This theorem, as applied to the external contour of the section, is
expressed by the relation

0 1
D), e (22 de=0 (9.9)
]

%1

and, after carrying out the integration, takes on the form

(@1 + 92) QD" — ro?) — == }] (9.10)
p=1

The unknown coefficients Y _, determined from the infinite systems of
(9.5), are expressed in terms of @0 , and in order to find &y* the re-
lation (9.10) must be solved for & *

10. By making use of Formula (6.1), substituting (1,3) therein and
performing the integrations, we obtain the following formula for the
stiffness of a circular rod having a central cavity with symmetrical
longitudinal grooves:

C:ZG{%("34““"24)’_'4'%(2(1)0'“?'22)("3 -'Tz)+ g = (rat—r) —

=]

no m
“‘—ti (r22-—-r12)2+2nr22[?1-2

k=]

Y

k
P LY h
k( 4) (coth a‘ktl + coth o4 t2
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—2h e Bg‘?x ,
) — 3 o U (Ophesp

X, [1 4 (— 1)kt 24
T IZ}I e e ) | (10-4)

As an example, we cite the value of the stiffness in torsion for a
circular rod having a central cavity with six symmetrical longitudinal
grooves (Fig. 6), when

r r 1
-r% = 1.964, r—: = 1.964, p=p=zw (10.2)

Values of the constant ®,* and the stiffness C for this case, calcu-

lated from Formulas (9.10) and (10.1), are presented in Table 4.

TABLE 4.
, With 6 netches or teeth ,
F=1.964 l teo ;—: == 3.8573
too lIllll large mean
20;/ re? 1.0 0.9168 | 0.9195 | 0.9182 0.2592
ClGrgt 21.801 | 22.062 | 22.408 | 22.074 23.266

For comparison, the table gives also the stiffness of a red with a
section in the form of circular rings with ratios b/a = r3/r2 = 1.964
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